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Introduction

Sparsity = old concept!

Compression Denoisi
FR (wavelets, ...) AT
Adaptive Blind source
representation separation
Feature extraction Compressed
Kernel methods sensing
(SVM ...)
Natural / traditional role : Novel indirect role
Sparsity = low cost (bits, computations, ...) Sparsity = prior knowledge
direct goal Tool for inverse problems
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« Blind » Audio
Source Separation

® « Softly as in a morning sunrise »
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Blind Source Separation

® Mixing model : linear instantaneous mixture

e (8) - o )

right So (t)

Yleft (1) %::J — A— N s3(t)
&

® Source model :if disjoint time-supports ...

e t g
Yhere () ... then clustering to :
1- identify (columns of) the mixing matrix
g

2- recover sources
. ,// Yright (t)




Blind Source Separation:
two-step approach

pserved data y'(t) A A_ y S(t) Umj\‘m_@wwm

® Estimate mixing matrix A
+ Coarse source model (independence, sparsity, ...)

e Estimate the sources 3§(t) = A~!.y(¢t)




Blind Source Separation:
two-step approach

® Estimate mixing matrix A
+ Coarse source model (independence, sparsity, ...)

e Estimate the sources 3§(t) = A~!.y(¢t)

More sources than sensors = underdetermined
need finer source model = sparse / disjoint / structred representations

Multichannel recordings Monophonic recordings
[Ph.D. Lesage, Ph.D.Arberet, with Bimbot] [with Benaroya, Bimbot, Philippe, Ph.D. Ozerov]
Matching Pursuits + Clustering Adaptive Wiener Filtering
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Blind Source Separation

® Mixing model : linear instantaneous mixture

e — s1(t)
Yright (t> WMW" ~W~'WM So (t)
Yiets (1) = A 5 (1)

-

® |n practice ...
Yiett ()4




Time-Frequency Masking

® Mixing model in the time-frequency domain

Yvright (7_7 f ) APESmn = ) D By v )
Yito(r,f) | e

® And“miraculously” ...
Yieft(Ta f)A

... time-frequency representations of audio
signals are (often) almost disjoint.




Disjoint Time-Frequency
Representations EfES

Source 2

4 Source 3
frequency

time
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Disjoint Time-Frequency
Representations &

Source 2

Source 3

! frequency

-y

time
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Disjoint Time-Frequency
Representations EIE

Source 2

Source 3

! frequency

-y

time
Disjoint Sparse
P(Disjoint)~| Sparse+independent
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Iterative thresholdin
[Daubechies &
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[Fuchs, Donoho & al, Ca
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ercomplete BSS
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n theory
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Sparse Time-Frequency
Representations

® Short Time-Fourier Transform of audio = sparse

zero = black

Of,,,W\WMNWWWMMHWWMMMMWWV

® Analysis Y(7.f) = (y,9-) Time-frequency atom
® Reconstruction u(t) =) Y(r,f) grnst)
ay

W\/\/\/\/\/\/\W gr (1) = w(t — 7)™
3 . IRISA




Multiscale Time-
Frequency Structures

® Audio = superimposition of structures

® Example : glockenspiel

' - ——
08 asoff - 5 ¥ L 37 . = &
o8 P 5 ; 2 ; R S|
o4 3s0fe = & O R N SO SRS o
o 300/ = 1 s w G S
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£ RE
o4 0 - { | S
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08 50| — =
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+ transients = small scale
+ harmonic part = large scale

e Gabor atoms {gs,m«t)
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Multiscale Time-
Frequency Structures

® Audio = superimposition of structures

® Example : glockenspiel
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Multiscale Time-
Frequency Structures

® Audio = superimposition of structures

® Example : glockenspiel

' R 15 I 1 R B
08 = R P | 2] i
ol s EHEE ¥ | 1
B R sehcf Ry
R IMEE L g
02 oleeg g | i E L
9 =l =F
] Tl E
" o
a2 - dami
B 111
04 150 & B
08 100) o 3 |
08 = | - —
_ SRSl 1
‘0 [ 1 15 2 25 3 50 100 150 200 250 300 350 400 450 500
x10°

+ transients = small scale

+ harmonic part = large scale

S

. :Lw t—T
Gabor atoms {gs,T,f@) —~ (

14



Sparse Redundant
Representations

® Sparse signal model

y(t) ~ Z Cs,r,f * Gs,r,f ()
7, f

Sparse representation = Gabor dictionary =

unknown, but few redundant (more atoms
significant coefficients than signal dimension)

® |Infinitely many representations
+ can choose a preferred one, e.g. the “sparsest”
+ how to compute it ?

s . IRISA




Inverse Linear Problems

y(t) ~ chk(t) , y(t) =~ A -s(i)

k
Observed data: Known linear system:
signal, image, mixture of sources,... dictionary, (estimated) mixing matrix

Unknown
representation, sources, ...

6 . IRISA




Global Algorithms

® Approximation quality
|Az — bl
deal sparsity measure Y “norm”

zllo == #{k, zx #0} =) |ag/°
k

® Relaxed sparsity measure

Jzllp =) lawl?

k

17



Global Algorithms

® Global optimization .1
P min || Az — b[3 + A,

+ Sparse representation A — 0
+ Sparse approximation A>0

NP-hard
combinatorial FOCUSS / IRLS Iterative thresholding Linear

local minima convex QU.!U minimum i

p=20




Global Algorithms

® Global optimization .1
P min || Az — b[3 + A,

+ Sparse representation A — 0
+ Sparse approximation A>0

Lasso [Tibshirani 19961, Basis Pursuit (Denoising) [Chen, Donoho & Saunders, 1999]
Linear/Quadratic programming (interior point, etc.)
Homotopy method [Osborne 2000] / Least Angle Regression [Efron &al 2002]

NP-hard
combinatorial FOCUSS / IRLS Iterative thresholding

local minima convex : global minimum




Matching Pursuits

® Matching Pursuit Algorithm pmatac & zhang 1993
+ initialize residual b©® .=p A =Jay,...,ak]
+ find best atom ki 1= arg max (b1 ay))
+ update residual b™ .= bm™Y (BT 5, Vay

m




Matching Pursuits

® Matching Pursuit AlgOI"ithm [Mallat & Zhang 1993]
4+ initialize residual b©® .= p A =[ay,...,ak]
+ find best atom km := arg max (b1 ay)]
+ update residual b™ :=bm=D _(bm=D a; Ya,

m

Demixing Pursuit

, . -theoretical analysis [with Nielsen
-theoretical analysis [with Rauhut, Schnass &Vandergheynst] B pplication to sc);urcEa Seara o %Ph.D. lesagerwith
-application to source separation [Ph.D. Lesage, with Bimbot] Bimbot] :

Multichannel Matching Pursuit

19 . IRISA




Matching Pursuits

o Matching Pursuit Algorithm [Mallat & Zhang 1993]
+ initialize residual b©® .=p A =Ja,...,ag]
+ find best atom km := arg max (b1 ay)]
+ update residual b™ :=b™m=D (M= g, Va;

MatChing PU rSUit TOOIKlt [with Krstulovic, Lesage, Roy]
— efficient Matching Pursuit for large scale data

Multichannel Matching Pursuit | Demlxmg Pursuit
-theoretical analysis [with Nielsen]

-theoretical analysis [with Rauhut, Schnass &Vandergheynst] e tian o e oU el aa i onI [PhDIlesagerwith
-application to source separation [Ph.D. Lesage, with Bimbot] Bimbot] :
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Overcomplete di

& pursui ns

[Ma ohoho...]

avelets
[Meyer, Mallat, Daubechies, ...]

[Donoho &

Combpr

Approxi
[de Vore,

20

n theory
akov, ...]

[Jutten,

0 0S0, ...]

Blind Source Separation
[Hérault, Jutten, ...]
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Sparsity and llI-Posed
Inverse Problems

® |ll-posedness if more unknowns than equations

AQZO :A.CI?l #ZEO — I

® Uniqueness of sparse solutions:
+ if g, I1are “sufficiently sparse”,

+ then Axg = Axi = 20




Example : | -sparse
Representations

® Uniqueness of |-sparse representations

b= Azof= Azl

Lo — L1

® Recovery = correlation with atoms ap,

+ index of nonzero component k := argmax|(b, ay,)|
+ principle of DUET source separation fourjine & al 2000]
+ similar to first step of Matching Pursuit

® Extension to M-sparse representations ?

22
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|deal Sparse
Representation

® OPt|m|Zatlon PrObIem — NP-haI"d [Natarajan, Davies &al]

r* 1= argmin ||z||o subject to Az =Db
X

® If any 2M columns of A are linearly independent

then
Az = Ay, ||z|lo < M, ||yllo < M T=y

® Proof: |z—ylo<2m and Az —y) =0




Coherence of a
Dictionary

® Definition (easily computable) 1 = u(A) == max|(ay, a)

® Property lzllo < 2M = [|Az3 > (1 — (2M — 1)p) - ||z13

Th €OIFr€IM [Fuchs, G. & Nielsen, Donoho & Elad, Tropp, G. & Vandergheynst]

|.Uniqueness of M-sparse representations whenever

2. Recovery with Basis Pursuit & Matching Pursuit if

[with Nielsen,Vandergheynst & Figueras]

timisation for an
optimisation fo y >>IRISA




Restricted Isometry
Constants

® Definition :isometry constant = smallest
such that ||zl < M =16y < IAls )\ 5

I3

Th €OlIE€M [Candés, Romberg & Tao]

|.Uniqueness of M-sparse representations whenever

2. Recovery by Basis Pursuit if

2 . IRISA




Coherence vs Isometry
Constants  icri=u

P

|

Mmax ove -1) entries max over - - subsets |
_ _ Arcl||?
= p(A) = max|(ay, a)| Sr=  sup  [MArdla 1‘
BI<M, ceRM |3
(Cumulative) coherence Isometry constants
Low cost Hard to compute
“o [with Rauhut, Schnass & Vandergheynst]
Coarse / pessimistic ~Sharp

average case analysis for multichannel algorithms

P
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Examples

® Dirac-Fourier dictionary : ® “Generic” (random) dictionary
. [Candés & al,Vershynin, ...]

K=2T K

T : ® [sometry constants
5i (1) Tem'wk:t/T if T>CMlogK/M

~

then P(daps + 0307 < 1) =1

® Coherence

p=1/VT

27 . IRISA




Compressed Sensing

® MRI from incomplete measures
[Candes, Romberg & Tao]

Lossy
measurement
= tomography

28

Reconstruction

IRISA
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Compressed Sensing

® MRI from incomplete measures
[Candes, Romberg & Tao]

Lossy
measurement
= tomography

min ||z||;, subject to z = KAx

28 . IRISA
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Perspectives &
Challenges

® Co-design algorithm / compressed sensing

device
+ which analog measurement?
+ calibration ?

+ efficiency & robustness (noise, loss of measures)

Today: pointwise microphone arrays Tomorrow :acoustic field tomography?

PP

< oy, 2, 1) p(z,y, 2, t)
A2 A

—
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Perspectives &
Challenges

® |arge scale data (3D, multimodal, time-varying, ...)
+ efficiency : seismic data = 5 Terabytes / dataset!

+ models
< dictionary learning
<+ multimodal data
<  structured sparse representation + noise model, Bayesian models

® Ex:dictionary learning

Mixing
matrix
[Ph.D.S.Arberet]

_ T Clustering
Time-frequency scatter plot

Dictionary

of edge atoms
ey [Ph.Ds S. Lesage
Learning =] B 6] [] |5 & B. Mailhé]

Training image database 31



Perspectives &
Challenges

® Signal processing in the compressed domain

® Links with kernel methods, databases, ...

Random projection

Reconstruction

S —

k-nearest neighbors

Large-dinmgnsional features ,
Fast database queries

P
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Theoretical Nonlinear
Approximation

® Which signals are well approximated in a
given dictionary, for a given algorithm ?

® TJwo descriptions

Representation Approximation

properties properties
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Theoretical Nonlinear
Approximation

® Which signals are well approximated in a
given dictionary, for a given algorithm ?

® TJwo descriptions

Representation [Stechkin, deVore, Temlyakov] SN oTo] o) d[paF:1ule]y!

“ properties

properties

® Orthonormal basis

a=1/p—1/2

o
. IRISA




Theoretical nonlinear
approximation

® Which signals are well approximated in a
given dictionary, for a given algorithm ?

® TJwo descriptions

Representation [Gribonval & Nielsen] Approximation
properties » properties

Jackson inequality

® Overcomplete “Hilbertian” dictionary

a=1/p—1/2

o
. IRISA




Theoretical Nonlinear
Approximation

® Which signals are well approximated in a
given dictionary, for a given algorithm ?

® TJwo descriptions

Representation [Gribonval & Nielsen] Approximation

« properties

Bernstein inequality

properties

® Decomposable incoherent dictionary

a=2(1/p—1/2)

o
> IRISA






